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Abstract. Let W be a Coxeter group and L be a weight function on W. 
Following Lusztig, we have a corresponding decomposition of W into left cells 
which have important applications in representation theory. We study the 
case where W is an afRne Weyl group of type G2. Using explicit computation 
with COXETER and CHEVIE , we show that (1) there are only finitely many 
possible decompositions into left cells and (2) the number of left cells is finite 
in each case, thus confirming some of Lusztig's conjectures in this case. A 
key ingredient of the proof is a general result which shows that the Kazhdan- 
Lusztig polynomials of affine Weyl group are invariant under (large enough) 
translations. 



1. Introduction 

This paper is concerned with Kazhdan-Lusztig polynomials and left cells in an 
affine Weyl group W (with set of simple reflections S) with respect to a weight 
function L where, following Lusztig [14] . a weight function on W is a function 
L : W -> Z such that L{ww') = L(w) + L(w') whenever i(ww') = £{w) + £(w') (£ 
is the usual length function on W). We shall only consider weight functions such 
that L(w) > for all w ^ 1. 

Generalized left, right and two-sided cells of a Coxeter group give rise to left, 
right and two-sided modules of the corresponding Hecke algebra TL with parameters 
given by L. In turn, the representation theory of the Hecke algebra is very relevant 
to the representation theory of reductive groups over p-adic fields. 

The case where L is constant on the generators is known as the equal parameter 
case. It was studied by Lusztig in [9) HH [321 [E] . The left cells have been explicitly 
described for type A r ,r 6 N (see [El EH), ranks 2, 3 (see 0S1B]) and types B 4 , 
C* 4 and D 4 (see [H S3 W- 

Much less is known for unequal parameters. In [14|, Lusztig has formulated a 
number of precise conjectures in that case. The proof of these conjectures in the 
equal parameter case involved an interpretation of the Kazhdan-Lusztig polynomi- 
als in terms of intersection cohomology which ensures that all the coefficients of 
these polynomials are non-negative integers. In the general case, this does not hold 
anymore. 

The case where the parameters are coming from a graph automorphism has been 
studied by K. Bremke in [2], using the previous properties. 
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One of the many consequences of Lusztig's conjectures is that the number of left 
cells is finite in an affine Weyl group. One of our aim here is to show the following 
theorem. 

Theorem 1.1. Let W be an affine Weyl group of type G2 and L be any weight 
function on W with L(w) > for w ^ 1. Then the following hold. 

(1) There are only finitely many possible decompositions ofW into left cells. 

(2) The number of left cells is finite in each case. 

For the proof we must show a sufficient number of equalities among Kazhdan- 
Lusztig polynomials (see Section 3 for precise definitions). These are provided 
by the following theorem which holds for any affine Weyl group W. Let u G W 
be a translation (see Definition 14. ip . For x, y G W we write x.y if and only if 

£{xy) = £(x) + £(y). We have 

Theorem 1.2. Let z,z' &W and N = i(z') - £{z) > 0. Then for r > N(£(u) + 1) 
and for any k > 0, we have 

P z.u r ,z' .u r = z.u r+k ,z' .u r + k 

and if there exists s G S which satisfies sz.u r < z.u r < z'.u r < sz'.u r , then 

.U T — ^-Z.U r + k ,z'.U r + k ■ 

While the statement and the proof of Theorem 1.2 do not make any reference 
to computer calculations, we would like to point out that we arrived at the precise 
statement through extensive experimentation using Ducloux's COXETER program 

2. A GEOMETRIC REALIZATION OF AFFINE WEYL GROUPS 

In this section, we recall some basic material about affine Weyl groups which 
will be needed later on. The exposition follows [3 El SS] and we refer to these 
publications for more details and proofs. Some of the notions are illustrated in 
Figure 1, at the end of the section. 

Let V be an Euclidean space of finite dimension r > 1. Let $ C V be an 
irreducible root system of rank r and $ C V* the dual root system. Fix a set of 
positive roots <I> + C $. We denote the coroot corresponding to a by d and we write 
(x, y) for the value of y G V* at x € V. Let Wo be the Weyl group of i>. For a G $ 
and k G Z, we define a hyperplane 

H a , k = {\£V\ {X,a)=k}. 

Let 

T= {H a . k I a G $ + , k G Z}. 
Each H G J- defines an orthogonal reflection an in V with fixed point set H. Let 
fl be the group of affine transformations generated by these reflections. We regard 
fl as acting on the right on V. An alcove is a connected component of the set 

V- U H. 

f2 acts simply transitively on the set X of alcoves. 

Let S be the set of fi-orbits in the set of faces (codimension 1 facets) of alcoves. 
Then S consists of r + 1 elements which can be represented as the r + 1 faces of 
any given alcove. 
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For s £ S we define an involution A — + sA of X as follows. Given an alcove 
A, we denote by sA the unique alcove distinct from A which shares with A a face 
of type s. The maps A — > sA generate a group of permutations of X which is a 
Coxeter group (W,S). In our case, it is the affine Weyl group usually denoted by 
Wo. We regard W as acting on the left on A. It acts simply transitively and it 
commutes with the action of f2 on X. 

We fix parameters c s £ N* for s £ S. Recall that, for s,t £ S, the parameters 
must only satisfy c s = Ct if s and t are conjugate in W. In the case where W is of 
type C r +i with generators si, . . . , s r +i and Wo is generated by sj, . . . , s r we can 
assume, by the symmetry of the Dynkin diagram, that c Sl > c Sr+1 . Similarly, if 
W is of type A\ with generators 8\, s 2 and W is generated by S\, we can assume 
that c si > c S2 . In [2|, Bremke showed that if a hyperplane H £ T supports faces 
of types s,t £ S then s and t are conjugate in W. As a consequence of this result, 
we can associate an integer ch £ N to H £ T , where ch = c s if H supports a face 
of type s. 

For a O-dimensional facet v of an alcove, let 

m{v) = ^2 c h- 

H3V,HEF 

We say that v is a special point if m(v) is maximal. If c s = 1 for all s £ S, then 
the notion of special points is the same as the notion in [7] and m(v) = |$ + | for 
any special point. Note that, following [2, Section 2], and with our convention for 
C r +i and Ai, £ V is a special point. 

Let n £ Z. A hyperplane H = H a ^ n £ T divides V — H into two half-spaces: 

{x £ V | {x, a) > n} 

and 

{x £V \ (x,a) < n}. 

Let v be a special point. A quarter with vertex v is a connected component of the 
set 

V- U * 

Hyperplanes which are adjacent to a quarter C are called walls of C. 
Let A be the fundamental alcove defined by 

{v £ V | < (x, a) < 1 for every positive root a}. 

If A is a O-dimensional facet of an alcove, we denote by Q\ the stabilizer of A in 
fl and by W\ the stabilizer in W of the set of alcoves A which contain A in their 
closure. W\ is generated by r elements of S. It is a maximal parabolic subgroup of 
W (if A = £ V, the definition of W\ is consistent with the definition of Wo given 
before) . 

We now introduce a new definition. 

Definition 2.1. Let z £ W and A £ X . Let Hi,..., H n be the set of hyperplanes 
which separate A and zA. For 1 < i < n, let EuiizA) be the half-space defined by 
Hi which contains zA. Let 

a 

h A {z) - f]E Hi (zA). 
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For z, z' 6 W we write z.z' if and only if £{zz') — £(z) + £(z'). It is well known 
that for any w e W and any A e X, £(w) is the number of hyperplanes which 
separate A and wA. Therefore one can see that z'.z if and only if 

{H | H separates A and zA} n {H \ H separates zA and z'zA} = 0, 

or in other words 

Lemma 2.2. Let z,z' eW and A e X. We have 

z.z' z(z'A) C h A (z'). 

In Figure 1, we consider an affine Weyl group W of type G2 

W := (si, fl 2 , s 3 I (sis 2 ) 6 = 1, (s 2 s 3 ) 3 = 1, (sis 3 ) 2 = 1). 

The thick arrows represent the set of positive roots <I> + , A is a special point, the 
gray area around A is the set of alcoves containing A in their closure, zAo is the 
image of the fundamental alcove Aq under the action of z — S3S2S1S2S1S2 6 W and 
C is a quarter with vertex 0. Note that the subgroup W\ is generated by si and S2. 



fig 1. G 2 

3. Total ordering and weight function 

The basic references for this section are [HI [THIS]. In [14], Lusztig studies the left 
cells of a Coxeter group W with respect to a weight function L on W. Considering 
a more abstract setting as defined by Lusztig in 0, where left cells are defined 
with respect to an abelian group and a total order on it, Geek [6 J formulates some 
conditions for two weight functions to give rise to the same left cell decomposition 
(when W is finite). In this section we will find some conditions for two weight 
functions to give rise to essentially the same Kazhdan-Lusztig polynomials on a 
given subset of W (when W is an affine Weyl group) . 
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We recall the basic setting for the definition of Kazhdan-Lusztig polynomials and 
left cells. Let W be a Coxeter group with generating set S. Let T be an abelian 
group (written multiplicatively) and A := Z[r] be the group algebra of T over Z. 
Let {v s | s G S} be a subset of T such that v s = Vt whenever s,t € S are conjugate 
in W. Then we can define the corresponding generic Iwahori-Hecke algebra H, with 
A-basis {T w | w G W} and multiplication given by the rule 



T T 




if £ (sw) > £(w), 
+ (v s -v- 1 )T w , if £(sw) < £(w); 



where £ : W — > N denotes the usual length function on with respect to S. 

Let a — ► a be the involution of Z[r] defined by g = g~ l for g G T. We can extend 
it to a map from H to itself by 



Then /i — > ft- is a ring involution. 
For w G W, define v VtW G A by 

yew 

These r-polynomials satisfy r VtW — unless y < w, r VtV = 1 and the following 
recursive formula, for s G S such that sw < w (where < denotes the Bruhat order 
on W) 

I 1 sy.sw •> 

if sy < y, 

I L sy.sw 

+ (v s -v- 1 ) if sy > y. 

Choose a total ordering of T. This is specified by a multiplicatively closed subset 
r+ C T - {1} such that T = T+ U {1} U T_ (disjoint union) where T_ = {g- 1 \ g G 
r + }. Moreover, assume that 

{v,\ 8 es}c r+. 

Given a total ordering as above, there exists a unique element G H such that 
C w — C w and C w T w -|- ^ ^ Py,toTy, 

yS W,y<to 

where Py lMJ G Z[r_] for y < w. In fact, the set {C w \ w G W} forms a basis of H 
known as the Kazhdan-Lusztig basis. We set Py,y = 1 for any y G W. 

The following formula gives the relation between the Kazhdan-Lusztig polyno- 
mials P and the r-polynomials 

(3.1) ^x,w — ^ ^ I* Xj yPy }UJ . 

y;x<y<w 

Note that this formula together with the condition P y , w G T_ for y < w, uniquely 
defines the Kazhdan-Lusztig polynomials. 

Let w GW and s G S, we have the following multiplication formula 

'C sw + £ M; i1U C„ if w<sw, 
C S C W = { z ; sz<z< w 

(v a +vJ l )C w , \isw<w\ 
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where w G Z[T] satisfy 



(3-2) M° y<w = M° yiW , 

(3.3) ( P ^ M ',J-^ P ^ ez[r_]. 

z;y<z<w;sz<z 

Given y,w G W and s G S we write y <— ^ w if C y appears with a non-zero 
coefficient in C S C W for some s G S. The Kazhdan-Lusztig pre-order <£ is the 
transitive closure of the above relation, i.e y <l w if there exists a sequence y = 
Uo, ■■■iljn = if in W such that yi J/i+i for all < i < n — 1. The equivalence 
relation associated to <l will be denoted by ~ L and the corresponding equivalence 
classes are called left cells of W. 

Remark 3.1. Let y < w G W and [y, w] — {z G W \ y < z < w}. Looking at the 
relations \3.M3.3\ one can see that the set of polynomials 

{P x , z , M* j2 \x,ze [y,w]} 

is determined by the total ordering of T and the set of polynomials 

{r Zl ,z 2 | z x ,z 2 £ [y,w]}. 

We now specialize the above setting to the case where the parameters of the 
Iwahori-Hecke algebra are given by a weight function. We only consider weight 
functions such that L(s) > for all s £ S. Let A — 'L[v,v~ l ] where v is an 
indeterminate. We have a corresponding Iwahori-Hecke algebra H with parameters 
{v L( - s ^ | s 6 S}. As before, H has an A-b asis {T w | w G W} with multiplication 
given by the formula 



T T 

-*- ft -*- It 



T sw , if £(sw) > £(w), 

T sw + {v L ^ -v~ L ^)T w , if £(sw) < £(w). 



Now consider the abelian group {v n n G Z} with the total order specified by 
{v n n > 0}. Thus as above, we can define the Kazhdan-Lusztig basis {C w \ w G 
W} of H. We obtain 

(1) a collection of polynomials r ViW G 1\v, v ], 

(2) a collection of polynomials P VtW G for all y < w G W, 

(3) a collection of polynomials My W G Z[v, v' 1 ] where sy < y < w < sw. 

In [6], Geek has established a link between these two situations, where you have 
an abelian group T with a total order specified by r + C T and a choice of parameters 
{v s | s G S} G T + on the one hand, and a weight function L on the other hand. 
Denote by r yjl0 , P y , w and the polynomials in Z[T] arising in the first case 

and by r ViW , P VtW and M^ w the polynomials in Z[i>, v^ 1 ] arising in the second case. 

He defined two subsets r%(W),T\(W) C T+ as follows. First, let Y a + {W) be 
the set of all elements 7 G T + such that 7 -1 occurs with a non zero coefficient 
in a polynomial Py,™ for some y < w in W. Next for any y, w in W and s £ S 
such that M* !t0 ^ 0, we write M* w = n.171 + ... + n r q r where / £ Z, 
7i G T and TjliTi G T+ for 2 < i < r. Let r+(VF) be the set of all elements 
7jli7j G r + arising in this way, for any y,w,s such that M®^ 7^ 0. Finally set 
T+(W) = T a + {W) U T b + {W). Then he proved that 
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Proposition 3.2. Assume that we have a ring homomorphism 

a : Z[T] Z[u,u -1 ], v s -> v L{s) 

such that 

(*) a(T+{Wj) C{v n \n> 0}. 

Then a(P VtW ) = P y . w for all y < w in W and c(M* w ) = M* w for any y,w E W 
such that sy < y < w < sw. Furthermore, the relation <l on W defined with 
respect to the weight function L is the same as the one defined with respect to 

r+cr. 

In order to deal with affine Weyl groups (infinite groups), we need a refinement 
of the above result for Bruhat intervals. 

Let y,w E W, s E S and I = [y, w]. We now define three subsets r" (J), r^ s (J), 
r" C r+. First, let r" (I) be the set of all elements 7 G T + such that 7" 1 occurs 
with a non-zero coefficient in a polynomial P Zl , Z2 f° r some Z\ < z 2 in I. Next for 
any z\,z 2 in I such that M. s ZiZ2 ^ we write Z2 — n%ji + ... + n r j r where 
^ nii E Z, 7j G T and 7 i l 1 1 7i G T + for 2 < i < r. Let r+ s (J) be set of all elements 
7^1 i7i G F + arising in this way, for any z\,z 2 G / such that M* Z2 ^ 0. Finally 
let r^ s be the set of all elements 7 G T + such that 7 -1 occurs with a non-zero 
coefficient in a polynomial of the form 

Y, P z uZ Ml Z2 -v s P ZuZ2 

z;zi<z<Z2;sz<z 

where z l7 z 2 E I and szi < z 1 < z 2 < sz 2 . We set T S + (I) = Ff.(J) U r^ s (7) U T^'. 

Proposition 3.3. Let y,w G s G 5 and J = [y, «;]. j4ssMme i/iai we have a 
ring homomorphism 

a : Z[T] -> Z[v,v~\ v s -» v L{s) 

such that 

(*) «^(T+(-0) C {w B I n > 0}. 

T/ien cr(P ZljZ2 ) = P Zl ,z 2 f or a H z i < z 2 in I and cr(M| i Z2 ) = M* ^ for any 
z\, z 2 G / such that sz\ < z\ < z 2 < sz 2 . 

Proof. We have a(p) = a(p) for all p G Z[r]. Moreover, the r-polynomials do not 
depend on the order, therefore we have cr(r zi>22 ) = r zl:Z2 for any zi,z 2 G W. 

We prove by induction on £(z 2 ) — t{z\) that a(P zl . Z2 ) = P Z1 , Z2 for all z\ < z 2 in 
I. If £(z 2 ) - l{z x ) = it is clear. 

Assume that £(z 2 ) — £{z\) > 0. Applying a to l3.1l using the induction hypothesis 
yields 

a(P Zl , Z2 ) - a(P ZuZ2 ) = <K r *i,X p *,*J 

Zl<Z<Z 2 

= y t r zl . z F z , z2 - 

Z ±< Z < Z2 

This relation and condition (*) implies that a(P ZljZ2 ) = P Zl , Z2 . 
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Let Zi, 22 G / and sgS such that szi < zi < z 2 < sz 2 . We prove by induction 
on l{z 2 ) - e(zi) that ct(M| i>Z2 ) = M| i)Z2 . 



Since MJ 1(Z2 = M« lijra , we have a(M s zl>Z2 ) = <r(Mj i)Z2 ). Applying a to E 
(using (*)) we get 



z;zi<z<2!2;s.s<z 



This relation implies that a (M s ZiZ2 ) = M ZiZ2 . Moreover we can see that if ^ 
then M z± Z2 is a combination of pairwise different powers of v. Thus M z± Z2 ^ 
0. □ 

If condition (*) is satisfied for all s G S, then we can conclude that x, z G I 
satisfy x <— l z with respect to the total order T + if and only if they satisfy x z 
with respect to the weight function L. 

4. The translations in an affine Weyl group 

We look more closely at a special set of elements in W, namely the translations. 
We keep the same notations as in Section 2. 

Definition 4.1. Let u S W. We say that u is a translation if there exists a vector 
u ^ such that ts, the translation by the vector u, is in Q and 

uA = A t s . 

Note that ta is uniquely determined by u. 

Let u G W be a translation. Let B 6 X and a G il be such that B = Aqo. We 
have 

uB = u(A Q a) = Aotsa = Aoat^ = Bt a ^y 

Therefore uB is a translate of B. 

Recall that h A {z) for z € W and A E X is defined in 12.11 
The translations have the following properties. 

Lemma 4.2. Let u be a translation associated to t$ G SI. 

(a) Let n < r 2 G N* . We /ia«e 

h Aa (u r2 ) C h Aa (u ri ) and h Ao (u r2 ) = t {r2 _ ri ) S (h Ao (u ri )). 

(b) Lei r G N*. We have 

z.u z.u r . 

Proof, (a) Let a G < & + and fc Q = (u, a). Since G Q, one can see that fc Q G Z. For 
any r G N, we have 

rk a < (x, a) < rk a + 1 for all x G u r Ao. 

Note that, if k a — 0, there is no hyperplane of the form H a ^ m (m G Z) which 
separates and u t Aq. 

Let (resp. <,c + , tp~) be the subset of <£> + which consists of all positive roots /3 such 
that fc/j^0 (resp. fc^ > 0, kp < 0). For /3 G <p, we define 



-ff/3,rfc„ if^G</3 + , 

Hp. rkfl+ i if^G<^~. 
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Then, one can check that 

(*) h Ao (u r )= fl^KAo). 

Let r\ < T2 G N* and (3 6 <p. We suppose that (3 E (p + (the case 6 is similar). 
We have 

E H p{u ri ) = {x&V \ (xj)>nkp} 

and 

^(/^{^y | >r 2 fc /3 }. 

Thus 

£V K 2 ) C ^ (u ri ) and (u ra ) = t (r2 - ri)it E H {u ri ) 

and the result follows using relation (*). 

(b) The statement follows from (a) and Lemma [2751 □ 

From now on and until the end of this section, we fix a translation u G W 
associated to t^ G fl. The orbit of u under Q, is finite. Indeed the group of linear 
transformations associated to the group of affine transformations Q, is finite, it is 
isomorphic to fir, which, in turn, is isomorphic to the Weyl group Wo associated to 
the root system Let 

Orbn(u) = {ui = u, -,u n }. 

For i G {1, n} = [1, n], let Ui G W be such that UiAo — Agt^., Vi be the special 
point ta ( (0) and A^t^. — A Vi . 

Lemma 4.3. (a) For any i,j G [1,ti] we have l{vn) = i(uj). 

(b) Let z\,Z2 G W, r G N* and i G [l,n] be such that z\.u r i .Z2- There exists 
k, m G [1, n] such that 

Z\.u r i .Z2 — z\.zi-u r m — u r k .z\.Z2- 

(c) Let z\,Z2 G W , r > 1 and i G [l,n]. We ftane £/ie following equivalence 

Zi.U r i .Z 2 <^> Zi.u1 +1 .Z 2 . 

Proof, (a) Let Ael and A' be a translate of ^4 (by a translation in Q). Then 
the number of hyperplanes which separate A and A' is equal to the number of 
hyperplanes which separate zA and zA' for any z G W. 

Let i, j G [l,n], <7 G fi and z G W be such that Ui<j = Uj and zAo = Aq<j. 
We have 

^(«i) = \{H | 7? separates Aq and ^4„ ; }| 

= | H separates z~~ 1 Ao and z~ A Vi }\ 
= \{H | separates z~ 1 Aq<j and 2~ A Ki <7}|. 



Since 
and 



z 1 A a a = A Q 
z~ x A Vi a = z~ 1 A t Si <7 = z^Aoatjtj = A Vj , 
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we obtain 

£(ui) = \{H | H separates z~ 1 A a and z~ A Vi a}\ 
= \{H | H separates Aq and A Vj }\ 

as desired. 

(b) Let <r Zl , <7 Z2 G fl and fc, to G [1, n] be such that 
and 

z 2 A = A a Z2 , ^(wj) = u, m . 

We have 

z\.u\.z 2 Aq = A a Zl t rSi a Z2 = A t ra -i^a Zl a Z2 = u r k ziz 2 A 0l 

which implies that z\.u\.Z2 = u r k z\z 2 . Now, since £(ui) = £(u k ), we must have 
u r k .z 1 .z 2 . 

Similarly, one can show that z\.u\.Z2 — z\.z 2 .u r m . 

(c) The statement follows from (b) and Lemma l4~2l (b). 

□ 

We now state the main result of this section. 
Theorem 4.4. Let i,j G and r\,r 2 G N* be such that i ^ j. We have 

h Ao (ul 1 )rih Ao (u?) = ®- 

Proof. According to Lemma [4.21 (a), to prove the theorem, it is enough to show 
that, for any i ^ j G [1, n], we have 

h Ao (ui) n h Ao (uj) = 0. 

Let 

Tq := {H G T | G H, Vi £ H for all i G [1, n]}. 
Consider the connected component of 

V- U H. 

Since there exists a G fio such that a{vi) — vj, there is a hyperplane which separate 
Vi and Vj and which contains 0. Therefore A Vi and do not lie in the same 
connected component. For i G [l,n], let Ci be the connected component which 
contains A Vi . To prove the theorem, it is enough to show that h Ao (ui) C for all 
i G [l,n]. 

Let H be a wall of Ci and let Eu{Ci) be the half-space defined by which 
contains C,. Since G H and ^ H, one can see that H' = t u -(_ff) ^ Thus 
either H separates Aa and A Vi or 77' does. 

If H separates Ao and A Vi then, as C Ci, we must have h Ag (ui) C En(Ci). 

Now, assume that 7J does not separate Ao and A„ 4 . Let /3 G $ + and to G Z be 
such that H — -ff/3,0 and H' = Hp^ m . In that case we have 

A ,A Vi G E H {d) = {x^V\ (xj) > 0}. 
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Thus one can see that we must have m > 0. Let Ejj'(A Vi ) be the half-space defined 
by H' which contains A Vi . We have 

E H >(A Vi ) = {xeV | (xj) > to} 

and 

h Ao (ui) C E H '(A Vi ) C E H (d). 
We have shown that for every wall of C,:, h,A {ui) lies on the same side of this wall 
as Ci, thus h,A {ui) C Cj as required. □ 

Corollary 4.5. (of Theorem \4-4\ ) 



(a) Let z,z' eW, r G N*, m G N and z,j G [l,n]. We /ia«e 

z.w[ = z'.Uj™ => i = j and z = z' .uj 1 . 

(b) Let Zi,Z2,z[,z' 2 G W, r G N*, m G N and i,j G [l,n]. For all k > we 
have 

zr.vZ.Z2 = z[.u r j +m .z' 2 «■ Z!.< +fc .z 2 = z;. U ;:+ fe+m .z^. 
Proof, (a) We have z.u\A§ G /ia ( u D an d z'.iij™ = z'.u^.u^ G hA a {u r A. Since 



Z.Wl- = Z .It 



J 3 

/ ..r-l-m 



applying Theorem 14.41 yields i = j. The result follows. 



3 

(b) The statement follows from Lemma [431 and (a). □ 

5. Isomorphism of intervals and equalities of Kazhdan-Lusztig 

polynomials 

Let u G W be a translation associated to is G and let M = £(u). One can 
easily see that M > 2. Let 

Orbn(u) = {u\ = u*, ...,u n }. 

Finally, for i G [l,n], let «j G W be such that itiAo = Aot^. In this section we 
want to prove 

Theorem 1.2. Lei z, z' G W, r G N* and z, j G [l,n,] 6e such that z.u\ and z'.ttj. 
Let N = £(z') - £(z). Then for r > N(M + 1) and for any k > we have 

z.u r ,z' .u T — P- 

and £/ £/zere exists s E S which satisfies sz.u\ < z.u\ < z'.Uj < s.z'.Up then 

Our first task is to construct an isomorphism from the Bruhat interval [z.u\, z' ' .u r A 
to [z.u[ +fc , z'.u^ +fc ] and then to show that the corresponding r-polynomials are 
equal. 



Lemma 5.1. Let z,y G W, r G N* and z G [l,n] be such that z.u\. Let N — 
£{z.u\) — £{y). Then for r > N we have 

y < z.u\ 3zi,Z2 G W,rii,ri2 G N swcft iftai zi.u[ _Ar .Z2 = y 

z\ < z.u" 1 , Z2 < u™ 2 and rz-i + n 2 = N . 

Furthermore, there exists a unique z y £W and m G [l,n] such that y — z y .u!^ N . 
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Proof. " <=" is clear. 

" =>" We proceed by induction on N. 

If N = 0, it's clear. 

Let N > 0. There exists y' £ W such that y < y' < z.u\ and 

- %') = JV - 1 and - t{y) = 1. 
Applying the inductive assumption yields 

3-4, 4 G W, ui,na G N such that z 1 .< _Ar+1 .4 = 2/' 

/ ^ ™'l / ^ ™2 ' i ' AT 1 

Z\ < Z.Uj , Z 2 — u i j n l + K 2 — ■<* — 1 • 

Let 

V = ■Sp...s m+ i(s m ...s k ) r ~ N+1 s k -i...si (p>m>k>l) 

be a reduced expression of y' such that 

z[ = s p ...s m+1 , Ui = s m ...s k and z 2 = s k _ 1 ...s 1 . 

We know that y can be obtained by dropping a simple reflection s G S in a reduced 
expression of ?/. If there exists I G N such that 

y = s p ...si...s k (s m ...s k ) r ~ N s k _ 1 ...si {p>l>k) 

or 

y = Sp...s m +i(s m --s k ) r ' N s m --Si...s 1 (m > I > 1) 

(where s means that we have dropped s) the result is straightforward. 
Now assume that there exists h,l 2 G N* such that h + l 2 = r — N and 

y = z x .u> .Ui.U? .Z 2 . 

where is obtained by dropping a simple reflection in s m ...s k . 

Let j G [l,7i] such that u' 1 .Uj = iii.Uj. We have y = z(. Uj.it? .u' 1 which implies 

that u^- 2 .w,' 1 . Furthermore, we have 

uf.ufAa = A Q ti 2Sj t hS . = A t hSi ti 2Sj = u+.ufAo. 
Applying Corollary 14. 5} we get i = j. Thus 

y = z'i.ul 1 .Ui.u 1 ? .z' 2 = z[.Ui.ul~ N .z 2 . 

Let 

Z\ = z'-y.Ui Tl\ =77,1 + 1 

z 2 = z' 2 n 2 = n' 2 . 

Then one can check that Z\ — z[.Ui < z.u™ 1 and z 2 < u™ 2 . Thus we get the result 
by induction. 

Let ?T7 G [1,77,] be such that y — zi.u^~ N .z 2 — zi.z 2 .u^~ N . Let z y = z\.z 2 . 
Assume that there exists w G W and k G [1, n] such that y = w.u r k ~ N . By Corollary 
14.51 we have k = m and w = z v , which concludes the proof. □ 

Lemma 5.2. Let z,z' G W, i,j G [1,tt,] and r\,r 2 G N* be such that z.u^ and 
z' .u 2 . Let N — l{z' .u 2 ) — £(z.ul 1 ). Then for r 2 > N and for any k > we have 

z.uY < z'.u r2 ^ z.u r , 1+k < z'.u r2+k . 

L J 1 J 
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Proof. Applying the previous lemma and Corollary 14.51 yields the following equiv- 
alences, for any k > 



z.uY < z'.u r ? 

L J 



3zi,z2 G W,ni,n2 GN such that z\.uf N .zi = z.u^ 1 
Z\ < z'.u™ 1 , Z2 < u™ 2 and n\ + 112 = N 
<^> 3z x ,z 2 G W,ni,n 2 G N such that z 1 .u r j 2 ~ N+k .z 2 = z.u\ 1+k , 

z\ < z'.u™ 1 , z 2 < u™ 2 and ri\ + n 2 = N 
<*xu? +h < z'u^ +k . 

1 J 



□ 



Proposition 5.3. Let z,z' G W, i,j G [l,n] and r G N* fee smc/i i/iai and 
z'.Uj. Let N = £(z'.Uj) — £(z.u^). Then for r > N and for any k > 0, the Bruhat 
interval 

h = [z.Ut, z'.Uj] — {y G W \ z.u\ < y < z'.Uj} 
is isomorphic to I 2 = [z.u^ +k , z'.Uj + ] . 

Proof. Let y G I\ and N y = £(z'.Uj) — £(y). There exists a unique z y G W and 

r — N 

m G N such that y = z y .u m v . 
Let 

ip: Ji — ► 7 2 

i — AT,, r+k-Ny 
Zy.Ufji I ► Zy.Um 

We need to show that <^ is an isomorphism of Bruhat interval. 

Let ?/' < y G Ji. Let iVy/ = £(z'.Uj) — £{y'). There exists a unique 2y G W and 

m' G N such that y = z v '.u m , y . One can check that we can apply Lemma 1531 we 
obtain 

z.u\ <y = z y .u r - N * <y' = z y ,.u m Nv < z'.u 1 - 
<=► z< +k < ¥>(y) = ZyU r ^ N « +k < iptf) = zy-U m Ny ' +k < z'< +k . 



By Corollarv l4.5l we see that tp is injective. One can easly check that ip is surjective. 
The result follows. □ 

The next step is to show that the corresponding r-polynomials are equal. Let T be 
an abelian group together with a total order specified by T + . Let {v s | s £ S} C T + 
be the set of parameters and £ s = v s — v^ 1 (see Section 3 for details). 

Let y, w G W and s £ S such that sw < w. Recall that the r-polynomials satisfy 
v y,w = unless y < w, r yiV — 1 and the recursive relation 

J r sy ,sw, if sy < y, 

^y,w — \ , _1 \ • r 

[r sy , sw + (Vs - v s )r yySW , if sy > y . 

Proposition 5.4. Let z,z' G W , i,j G and r G N* be such that z.u\ and 

z'.Uj. Let N = £(z') — £(z). Then for r > NM and for any k > we have 
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Proof. We proceed by induction on N. 

If i = j or if N < then the result is obvious. 

If N = 0, since 



L 2.tij .Z'.U A 



Sz.uV,x'.uV and r 



the result follows from Corollary 14.51 

Let N > 1 and i / j. Note that in this case r > M. 

Let Uj — sm—Si be a reduced expression. There exists 1 < I < M such that 
(z.u^si...si-i)si > z.u\s\...si-i. Indeed, if not, then z.u\ — y.Uj for some y € W. 
By Corollary 14. 5} this implies that i = j, but we assumed that i ^ j. Let I 6 
[l...m] be the smallest element with this property. The minimality of / implies that 

e(z.u r iSl ...si-i) = t{z.u\) - {I -I). 

One can see that zu\s\...si-i < z.u\. Let y,w 6 W and m,q,p e be such 

that 

y-«m l+1 - s i = y-si.u r p - l+1 

z'u r ,si...s l = z'.u T j ^ 1 .s M ---Si + i = ui.^ -1 



By Corollary 14.51 we see that 

zup k 8i...ai-i = y<t k ~ l+1 

y.u^ l+ \ Sl = y. Sl .u^- 1 ^ 
z'u r + k Sl ...si = z'.u r + k - l .s M ...si+x = w.u r + k -\ 
Applying the recursive formula for the r-polynomials, we obtain 

_ I "i;.M^r , + 1 ,Z2"JSi...S 1 _i 

— r j/sj.uJ _,+1 , w.Uq* 1 £ s i r y.u^ l + 1 ^.Ug" 1 



and 



r r+k r+k — Y r+k r+k 

= r y .«S7 1 + 1 + fc , Z2 <+'= Sl ... Sl _ 1 



r r-l + l + k r-l + fc + C«,r r-i + l + fe r-l + fc 

ysi.Up ,w.Uq y-u m ,W.U q 



Therefore to prove the theorem it is enough to show that 

V ys l .u? p - l + 1 ,w.u] } - 1 = V ys l .u , p - l + 1 + k ,w.u 1 q- 1+k > 



If / = 1 we have 



r r-l + l r-1 — r r -l + l + k i — 1+fe . 

y.u m ,U).Uq y-v>m ,w.u q 



Kazhdan-Lusztig cells for affine Weyl groups with unequal parameters 15 

and 

£(w) - £(ys lUp ) =N-2, 
£{w)-£{yu m )=N -1. 

Moreover r — 1 > (we have seen that r > M > 2) and 

r - 1 > MN - 1 > MN - N = M(N - 1) > M(N - 2). 

Therefore in both cases we can apply the induction hypothesis which yields the 
desired equalities. 
If I > 1 , we have 

T ysiUp~ l + 1 ,w.u £ _1 ~ r ysiUp~ l + 1 ,w.u l q ~ 2 .Uq~ l + 1 > 
V y.u'-' + 1 .w.u r q - 1 = r y.u^ l + \w.u l - 2 u r q - l + 1 

and 

.1-1 

,1-2 



£(w.u t q - 2 )-£(ys l ) = N-2, 



£(w.u 1 - 2 ) - £(y) = N - 1. 
Moreover r — I + 1 > and 

r -l + l> r- M > M(N - 1) > M(N - 2) 
and once more the induction hypothesis gives the desired equalities. □ 

We are now ready to prove Theorem 11.21 

Proof. The intervals I\ = [z.u^z'.Uj], h = [z.u r+k , z'.u r+k ] are isomorphic with 

respect to the Bruhat order via ip (as defined in Proposition 15. 3p . 

Let 2/i,2/2 G I (i(yi) < ^(2/2)), Zi,Z2 e W, Ni,N 2 £ N and m 1 ,m 2 G [l,n] be such 

that 

N t = £(z'.u r+k ) - £( yi ) and Vl = Zl u r mi N \ 
N 2 = £(z'.u r+k )-£(y 2 ) and y 2 = z 2 u r m2 N *. 

We have 

r-Nx>r-N> N(M + 1) - N = MN > M{£{y 2 ) - i(yi)). 
Thus, by Proposition I5.4[ we obtain 

— V r-N-[ JVi -JV 2 r— iVl 

= T r+k-Ni JVi -No r+fc-JVi 

= r <p(yi),v(y2)- 



Therefore, by remark \3A\ we get the result. 



□ 



16 



Guilhot 



6. Application to G 2 

Our aim is to prove Theorem ll.il 
Throughout this section, let W be an affine Weyl group of type G 2 , with presenta- 
tion as follows 

W := (si, s 2 , S3 I (sis 2 ) 6 = 1, (s 2 s 3 ) 3 = 1, (sis 3 ) 2 = 1). 

The generators s 2 and S3 are conjugate in W, thus a weight function L on W is 
uniquely determined by 

L(si) = a and L(s 2 ) = L(s 3 ) = 6 a, 6 £ N* 

We shall denote such a weight function by L = L a j,. 

Let Q,q be independant indeterminates over Z and consider the abelian group 

r = {QV Kjez}. 

Let v be another indeterminate. We have a ring homomorphism 

CTa , 6 : Z[T] -f Ztw.i;- 1 ], QV -» " ai+6j - 
We will need the following lemma. 

Lemma 6.1. Let y < w 6 W, J = and seS such that 

sy < y < w < sw. 

(1) Consider the total order given by 

r+ = {QV I * > 0, j g z}u v 1 » > 0}. 

Suppose that, for c,d eff* , we ftaue 

r+CO c {g J I j > 0} U {QV I * > 0, ci + dj > 0}. 

ITien condition (*) in Proposition \3.3\ holds for any o~ a ,b such that a/b > 
c/d. 

Furthermore, if w ^ 0, then for any weight functions L a ,b such that 
a/b > c/d. we have My W ^ 0. 

(2) Let c>deN*. Consider the total order given by 

T+ = {QV I a + dj > 0} U {Q dj q~ cj \ j > 0}. 
Suppose that we have, for some e > c/d £ Q>o 

c {<? \j>o}u {Q l q i I * > 0, % + j > 0} 

U{QV I j > -* > 0, -j/i > e} U {QV I -j > 1 > 0, -j/i < c/d}. 

Then condition (*) in Proposition \3.3\ holds for any <j a ,b such that e > 

a/b > c/d. 

Furthermore, if ^ 0, then for any weight functions L a ^ such that 

e > a/b > c/d, we have My W ^ 0. 

Proof. We prove 1. Let i,j £ Z such that QV £ r+(J). We must show that 
ai + bj > provided that a/b > c/d. 
If i = then j > and az + bj = bj > 0. 
If i > and ci + rfj > then 

ai + bj = b(ia/b + j) > b(ic/d + j)>0 
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as required. 

We prove 2. Let i,j 6Z such that Q % q> £ r+(I), We must show that ai + bj > 
provided that e > a/6 > c/d. 
If z = then j > and oi + 6j = bj > 0. 
If « > and i + j > then 

az + bj > b(c/d)i + bj = b(ic/d + j) > b(i + j) > 0. 
If j > — i > and —j/i > e then 

at + bj = bj((a/b)(i/j) + 1) > 6j(ei/j + 1) > 0. 
Finally, if — j > i > and —j/i < c/d then 

ai + bj = ai(l + (b/a)j/i) > ai(l + {d/c){i/j)) > 

as required. 

□ 

Note that, in the situation of the above lemma, we will always have a > b. But 
similar results also hold for b > a. 

In order to prove Theorem 1 1,14 we wn l proceed as follows. 
Using Proposition l3.3t Theorem ll.2l and the previous lemma, we will find a collection 
of non-zero M-polynomials. We will then find some infinite sets such that each of 
these sets is included in a left cell for any choice of parameters and such that all 
the elements of W lie in one of these sets except for a finite number. Then, we can 
conclude that the number of left cells is finite for any choice of parameters and that 
there is a finite number of distinct decompositions of W into left cells. 

We have developped some programs in GAP3 [15] which, given an interval /, 
s G S and a monomial order on T, compute the following data 

(1) The Kazhdan-Lusztig polynomials Py, w for all y,w E I, 

(2) M.y W for all y,w £ I such that sy < y < w < sw, 

(3) " E P zi-z M t Z2 ~ v s P zl ,z 2 for all z u z 2 e I, 

so that we can compute the set r3_(J) as described in Proposition 13.31 

We work with the geometric representation of W as described in Section 2. Let 
Mi = S1S2S1S2S3S1S2S1S2S3 G W. One can check that u\ is a translation. Let 

II = {e, s 3 , S2S3, S1S2S3, S2S1S2S3, 

S3S2S1S2S3, S1S2S1S2S3, S3S1S2S1S2S3, S2S3S1S2S1S2S3, 
S1S2S3S1S2S1S2S3, S2S1S2S3S1S2S1S2S3, S3S2S1S2S3S1S2S1S2S3} 
Wi = {e, st, s%S2, S1S2S1, S1S2S1S2, S1S2S1S2S1} 

= {Wt, W 2 ,W 3 ,W4,,W5,We} 

and y = S3S2Sis 2 s 3 siS2Sis 2 s 3 . 

For Wi € Wt let a Wi £ fl such that wiAq — Aoa Wi . One can check that 
Orba(ut) = {uicr Wl , ua W6 } = {Si, ...,u 6 }- 

For 1 < i < 6, let 

It,i = [s 3 .u r .w l ,y.M r .m J ] = [s 3 .Wi.Ui,y.Wi.ul] = [a^,^], 
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J 2,i = [s3SlS 2 S 1 S 2 S 3 U r .W i ,y.S 1 S 2 S 1 S2S 3 U T .Wi] 
= [s3SlS2S1S2S3.Wi.ul, IJ.SlS2SlS2S3.Wi.ul] 
= [4,0 2/2,*]- 

Let k = 1,2. According to the results in the previous section, we know that for r 
large enough, the intervals V k ( and JJ< are isomorphic for any n > and that the 
corresponding r-polynomials are equal. However, using our GAP3 program, we see 
that this is true for r > 6. 

We want to show that, for r > 6, M a l r ^ for any choice of parameters. By 
the previous remark, it is enough to show that M s \ 6 / 0. 

X k,i>Vk,i 

We give some details for the computation of M s l 6 . 

Let x = acj l5 y = j/f j and 7 = 7f a . 
Consider the total order given by 

r+ = {QY I % > 0, j g z} u {<f 1 * > 0}. 

Using our GAP3 program to calculate the set T^ (7), we find M.^} y = 1 and 
q.(/)C{qJ ■ |j>0}U{QV ' |3i + j>0}. 

Therefore, applying Lemma I67L] we see that, for any parameter a, 6 such that 
a/6 > 3, we have 

M s x ) y = <7 a , 6 (M*y and M£„ ^ M*, ^ 0. 

In order to deal with weight functions L a ^ such that a/b < 3, we proceed as follows. 
Let 

£ = {xe Q> I x = ±j/i where j < 0, i ± 0, QY e 
The largest element of £ below 3 is 2. Thus we consider the weight functions L a i^ 
where b'/a' > 2. 

Consider the total order given by 

T+ = {QY I 2i + j > 0} U {Q j q~ 2j I J > 0}. 
Computing r+(7) gives M*^ = 1 and 

r;(7) c {qi 1 j > 0} u {qy |«>o,i+j>o} 

U{QV I j > -i > 0, -j/i > 3} U {QY | -j > i > 0, -j/i < 2}. 
Therefore, for any parameter a, b such that 3 > a/b > 2, we have 

M°l y = a a , b (M s x i y ) and M£„ + M£„ ^ 0. 
Again we look at the set 

£ = {x e Q> I x = ±j/i where j < 0, i 7^ 0, QY e r^_(7)}. 

The largest element of £ below 2 is 3/2. 
Consider the total order given by 

T+ = {QY I 3z + 2j > 0} U {Q 2j q~ 3j \ 3 > 0}. 

We find 

r;(7) C {qi j j > 0} U {QY | i >0,i + j > 0} 
U{QY | j > -i > 0, -j/i > 2} u {QY I -j > i > 0, -j/i < 3/2}. 
As above, we conclude that M^} y ^ for any parameter a, 6 such that 2 > a/b > 
3/2. 
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We look at the set £ (defined as above) , we find that the largest element of £ below 
3/2 is 4/3. 

Consider the total order given by 

T+ - {QY | 4* + 3j > 0} U {Q 3 V 4J I 3 > 0}. 

We find 

r;(J) c w \i > o} u {QY \ i>o,i+j>o} 

U{QY I 3 > -* > 0, -j/i > 3/2} U {QY | -j > i > 0, -j/i < 4/3} 
and Af* 1 ^ ^ for any parameter a, b such that 3/2 > a/b > 4/3. 
We now continue the procedure. This leads us to consider the total order given by 

r+ = {QY I 5t + 4j > 0} u {Q 4 v 5j I j > o}. 

We find 

T S +(I) c Y | j > 0} U {QY \i > 0, i + j > 0} 
U{QY | j > -i > 0, -j/i > 4/3} U {QY I -i > * > 0, -j/i < 5/4} 
and M%} y ^ for any parameter a, 6 such that 4/3 > a/b > 5/4. 
Finally, consider the total order given by 

r+ = {QY I * + j > 0} u {QY" J | j > o}. 

We find 

r;0O C | j > 0} U {QY \ i>0,i+j>0} 
U{QY | j>-i> 0, - j/i > 5/4} 
and M^-y ^ for any parameters a, b such that 5/4 > a/b > 1. 
We now calculate M* 1 for the parameters a, 6 where a/6 e {3,2,3/2,4/3,5/4,1}, 
and we find that these are non-zero. 
We have treated all the cases where a> b. 
We proceed in the same way for the case a < b. 

Doing the same for the other intervals, we can show that for r > 6 and for any 
parameters the coefficients 

Mil v r and M S J- „ r 
are non-zero, which in turn implies that the following sets are included in a left cell: 
C, = {z.u[. Wl | r > 7, z E IT}, 1 < i < 6. 

Now, let u — S2S1S2S1S2S3 and 

W 2 = {e, 82,8281,828182, 82818281,8281828182} = {wi,W2,w 3 ,W4,w 5 ,we}. 
For Wi s W2 let £ f2 such that w^Aq = Aga Wi . One can check that 
Orbn(ui) = {uia wi , ua W6 } = {#,,... ,u 6 }. 

For 1 < i < 6 let 

JT,i = [s 2 s 3 .M r -w 4 ,y.u r .w 4 ] = [s2S3.Wi.Ui,y.Wi.Ui] = \x\^ y\^\, 

l 2,i = [s 3 S2SlS 2 S 3 U r .W,, S 3 S2SiS 2 SiS 2 S 3 U r+1 .Wi] 
= [ssS2S1S2S3.Wi.ul, S 3 S2S 1 S 2 S 1 S2S 3 .W i U r i +1 } 
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Let 1 < i < 6 and k = 1, 2. Using our GAP3 program one can see that, for r > 6, 
the intervals IJ1 i and I^\ n are isomorphic for all n > and that the corresponding 
r-polynomials are equal. Now, using Lemma l6TT| we can show that for r > 6 and 
for any parameter a, b such that a/b < 2 the polynomials 

Mg v r and M S J v r 

are non-zero. 

Therefore, for these parameters, the following sets are included in a left cell: 
Bi = {z.u r . Wl | r > 7, z G n}, 1 < i < 6. 



We now have a look to the parameters a, b such that a/b > 2. 
Arguing as before, we find that, for r > 6, the polynomials 

M Sl r r M S2 

x " J -S 1 S2S3U r Wi,S2S3S2SiS2SiS 2 S 3 U r W i J S 2 S 3 U r Wi ,S 3 U r + 1 Wi 



SlS2 s 3 u w i , S 3 S 2 S 1 S 2 S 3 U w i 

are non-zero. Therefore, for these parameters, the following sets are included in a 
left cell: 



Bi = {z.u r . Wl | r > 7, z G n}, 1 < i < 6 



Recall that in [2] and (T9] it is shown that the set 

W T = {w eW \ w = z'.wq.z, z' G W} 

is a two-sided cell and that it contains at most | Wq \= 12 left cells. 

Now one can check that the set Wt together with the Bi 's and the Cj 's contain all 

the elements of W except for a finite number. The theorem is proved. 

Of course, we would like to find the exact decomposition of W in left cells for any 
parameters. However, it is difficult to separate left cells. Computing some more 
coefficients in the case where a >> b, we find a more precise decomposition of W 
which is included in the left cells decomposition. 

We show this decomposition in Figure 2. We identify w G W with the alcove 
wAo. The sets which are included in a left cells are formed by the alcoves lying in 
the same connected component after removing the thick line. 
We have 

12 

W T = U Ai. 

i=l 

The figure also show the shape of the sets Bi and C; . 
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